We consider first order perturbation theory for a non-minimally coupled inflaton field without assuming an adiabatic equation of state. In general perturbations in non-minimally coupled theory may be non-adiabatic. However under the slow-roll assumptions the perturbation theory may look like adiabatic one. We show in the frame-work of perturbation theory, that our results of spectral index and bound on no-minimal coupling parameter agree with the results obtained using the adiabatic equation of state by the earlier authors.
Inflationary paradigm has become extremely useful in solving many problems with the standard big-bang theory and very successful in predicting the fluctuations in the observed cosmic microwave background radiation [1, 2] . However, the nature of the inflaton potential remains to be uncertain and as a consequence there has been a variety of models through which the inflationary paradigm can be implemented [3] . One of the important class of such models that has been extensively investigated in recent time is that of a non-minimally coupled scalar fields [4] [5] [6] [7] [8] [9] [10] [11] [12] . In most of the model of the inflation the mass of the scalar field is considered to be around 10 13 GeV and the extremely small value for the strength of the quartic self-coupling λ ∼ 10 −13 [13] . This high value of the mass is considered to be an evidence for the physics beyond the standard model. In Refs. [14] it was shown that in case of chaotic inflation model instead of minimally coupled theory if non-minimal coupling is taken then amplitude of density perturbation will constrain the ratio λ ξ 2 rather than λ Therefore in minimally coupled theory one can remove the tight constraint on the self coupling parameter λ by choosing a higher value of ξ. It is customary to choose the value of ξ ∼ 10 3 . However, an extremely interesting possibility of having a non-minimally coupled standard model Higgs field as an inflaton has been pointed out in Ref. [13] . In this model for a sufficiently large strength of the nonminimal coupling 1 ≪ √ ξ ≪ 10 17 , it is possible to have λ ≈ 1. Inert Higgs doublet has also been studied which gives the scale invariant density perturbation [15] . It is well known [16] that the non-minimally coupled theory(Jordan frame) can be transformed into a minimally coupled theory(Einstein frame) by a set of transformations of the metric and the field. It should be noted that a consistent formalism of first order perturbation theory [17] [18] [19] [20] [21] and various bound on ξ [14, 22, 23] has been studied by several earlier authors. Further, we would like to say in Refs. [17] [18] [19] [20] 22] a 'gauge ready' approach was developed to study the first order perturbation theory. In this approach the variable under a gauge condition which removes the gauge mode completely can be considered as the gauge invariant one. It has been shown recently in Ref. [24] that all other gauges except Newtonian gauge is being tangled in the transformation between these two frames.
In this work we are studying the first order perturbation in the the context of non-minimally coupled inflationary theory. We would like to emphasize that in order to derive equation of motion for first order curvature perturbation in the previous works an adiabatic equation of state was used. But in general the adiabatic equation of state for non-minimally coupled theory may not be possible [19, 25] . Recently the non-adiabatic evolution of curvature perturbation is shown to exist in the case of non-minimally coupled multi-field inflation scenario [26] . Therefore, we believe that it is important to relax the assumption about the equation of state for a single field inflaton theory. In this work we calculate the first order curvature perturbation and the spectral index without assuming any equation of state. Our results are consistent with the results obtained by earlier workers.
As mentioned earlier , for the case of chaotic inflation in Jordan frame that the density perturbation on Jordan frame are constrained by the ratio λ ξ 2 and this may allow for the values ξ ≫ 1. Further it is to be noted that in Ref. [23] in order to produce the Harrison-Zel'dovich spectrum (n R ∼ 1) for the 'new-inflation' scenario it was necessary to put an upper bound on ξ. However no such bound was required for the chaotic inflation scenario. I this work we show that in general there exist two branches, in one branchφ (inflaton velocity) is negative andφ is positive in the other branch depending on the nature of the potential. For those classes of potential wherė ϕ > 0 one must have an upper bound on ξ. But the other branch may allow a large value of ξ for some classes of the potentials provided the slow-roll parameter ǫ V is very small. It seems that for power-law kind of potentials only λϕ 4 can allow large value of ξ which is consistent with the already known results.
The action in Jordan frame is given by
in case of non-minimal coupling f (ϕ) = 1 + ξϕ 2 , where ϕ is the scalar field, ξ is a constant, R is the Ricci scalar and V (ϕ) is the potential. Here we have considered M pl = 1.
The field equation in Jordan frame is given as
Jordan frame action (1) can be transformed into the Einstein frame action
by transforming the metric and the scalar field in the following way,
whereˆrepresents the Einstein frame andV (σ) =
4f 2 . Using 4 the field equation in Eq. (2) can be shown to be transformed into the Einstein equations. This is true for the perturbed field equations also. In Einstein frame the equation of motion for the comoving curvature perturbationR =ψ +Ĥ δσ σ ′ can be written aŝ
H 2 ,ψ andĤ are metric perturbations and Hubble parameter in Einstein frame. In Einstein frame spectral indexn R can be expressed in terms of slow roll parameters asn
Hσ ′ are the slow roll parameters in the Einstein frame.
II. SLOW ROLL PARAMETERS IN JORDAN FRAME:
Before we calculate the equation of motion of R we define the slow-roll parameters in the Jordan frame. Equation for the scalar field ϕ in Jordan frame is given by
where
Here ′ denotes the derivative with respect to conformal time η, this is related to natural time as dη = dt a . H is the Hubble parameter in conformal time defined as H = a ′ a and a is the scale factor. Friedman equations in Jordan frame gives us the following relations:
In the case of the standard inflation we may say that the inflaton is slowly rolling down the potential, therefore the assumptions of slow roll are
In case of inflation driven by the scalar field minimally coupled to gravity −Ḣ H 2 = 1 − H ′ H 2 = ǫ, therefore ǫ ≪ 1 implies the smallness ofḢ compared to H 2 , i.e, H remains almost constant during inflation. But for the inflationary scenario in the Jordan frame smallness of ǫ alone does not ensure that H will remain constant during inflation. Finally using Eq. (8) we can write Eq. (9) as:
Here we have defined β
At this point if we consider ǫ V ≪ 1, α ≪ 1 and β ≪ 1 and neglect the second and third term on the right hand side of the above expression, still we have
So, we can see that smallness of β and α are required to drive inflation. Therefore the end of inflation is not determined by ǫ V only. Inflation ends when ǫ V − β ∼ 1.
III. PERTURBED EQUATIONS:
In this work we are writing the total metric (background and perturbed) in Newnotian gauge as,
(13) It is useful to note that metric perturbations, and H follow the transformationŝ
when we go to Einstein frame from Jordan frame, where
Perturbing the Eq. (2) we get the following equations. Time-space component of field equation is:
Off diagonal space-space component is,
Time-time component of the field equation is,
The above equations are written in Jordan frame. Using using the transformations defined by equation (4) along with (14) , equations (15), (16) and (17) transform into the corresponding equations in the Einstein frame considered in the literature, for example Ref. [27] . Next, we write down some useful relations which will be used frequently in later discussion. From the definition of f 1 given above in terms of β we can write,
where we define γ ≡ ϕ ′2 4f H . Note that γ is not a slow roll parameter. Here we have dropped the terms proportional to second order in slow roll parameters β and α. Similarly (9) can be written as
At this point let us define two variables Y and R as following
It should be noted thatR and R are invariant under the transformations 4. Substituting the expression of φ in (16), in linear order of β we can write (15) in terms of Y and R as,
where we have used (18) and (19) . Using the background equation of motion of ϕ we can eliminate V ϕ from (17) and finally using (16) , (18) and (19) we can write (17) as
Using the above equations one can calculate the power spectrum in the usual way. Equations (21) and (22) are coupled equations. Decoupling these two equations would lead to the follwing equation for R:
As ′, k 2 , R remains invariant under the transformation of the frames, we can see that Eq.(5) and Eq.(23) does not transform to each other when we consider the transformations listed above. One can identify the coefficient of k 2 as the square of sound speed of perturbation namely C 2 s ,
It is possible to write the last term in the above expression in terms of slow roll parameters and one can write the expression for C 2 s as
Here it should be noted that the value of β 2ǫV can't exceed 1 2 as β < ǫ V is required to be satisfied when β is positive (see section (V)).
IV. POWER SPECTRUM AND SPECTRAL INDEX:
To calculate the power spectrum and spectral index we follow the standard procedure given by Mukhanov [27] . We first substitute R = m.v into Eq. (23), where m is a function of η only, i.e., m = m (η) and v = v η, k .
Removing the v
′ term by setting the coefficient of v ′ to be zero, which yields 
Here we have used (12) . From (12) we can also notice that in this present case we can write aH ≃ − 
Considering the fact that C s is a constant we can express the solution of this equation in terms of the Hankel functions,
Matching this solution of v with the free quantum field for Csk aH ≫ 1(short wave length limit), we choose
For long wavelength ( Csk aH ≪ 1) we find that v k behaves as
Next writing this solutions in terms of R we get the power spectrum as
Spectral index is defined as
Therefore we get the expression of spectral index as
Substituting the expression of ν in the above equation we get the spectral index as
In this expression we get an additional term 4β along with the standard terms we get from the minimal coupling case.
V. VARIOUS VALUES OF ξ:
A. Spectral index:
In the appendix the first order perturbation theory is done and expression of spectal index is given (35) in Jordan frame. In this calculation we have not assumed any specific equation of state unlike the previous authors [17, 18] . It is shown later that expression (n R = 1 − 4ǫ V + 4β − 2δ) obtained here matches exactly with Ref. [17, 18] in the region ξϕ 2 ≫ 1. WMAP 7 years data suggests that n R = 0.968 ± 0.012 [28] . In this case let us consider that δ = 0. Therefore the expression of n R suggests that ǫ V − β ∼ 10 −2 . This condition is consistent with the condition that 0 < −Ḣ H 2 ≪ 1. The lower bound is necessary to have accelerated expansion. The expression of β can be written as:
Using the expression of ǫ V (10) and the Friedmann equation (8) one can write the following identity:
Therefore
As β can be written in terms of the scalar field ϕ (β = 2φ Hϕ ), which sign to be picked will be dependent entirely on the dynamics of the scalar field for any specific potential.
Using the Friedmann equation and writing the equation of motion (7) in cosmic time one can find the expression (2.13) in Ref. [9] :
Therefore β becomes negative if
is an example of this branch. Whereas β becomes positive if
2 is an example for this branch. When condition (40) is satisfied one can write
In this case to have −Ḣ H 2 ∼ 10 −2 one can choose a large value of ξ, provided ǫ V is very small. For example, if we choose ξ ∼ 10 4 then ǫ V ∼ 10 −8 . It turns out that λϕ 4 potential in the power-law class of potentials can give us ǫ V that small (∼ 10 −8 ). In case of the other branch with positive β one can write the expression (12) as
In this case to have −Ḣ H 2 > 0 along with β ≪ 1 we have to have an additional condition on β: β < ǫ V . This condition gives us as upper bound on the non-minimal coupling parameter ξ < ǫV 16 . For a typical value of ǫ V ∼ 10 −2 we have ξ < 10 −3 . In this branch one can not make ξ very large by choosing a smaller value ǫ V like the previous case, as this may make −Ḣ H 2 < 0 violating the condition for accelerated expansion.
Further one may ask the question whether the formalism used here and the "gauge-invariant" formalism presented in Refs. [19, 22] are equivalent? In other words one can ask the question if the results obtained in this formalism is same as the result obtained by previous authors. In what follows we address this question: The expression of spectral index in those references is given by 
Therefore one can see that γ and β are not independent parameters. Using the definition of f it can be found that in the region we are interested in ξϕ 2 ≫ 1 [13] , γ = β. Therefore we find n s = 1 − 4ǫ V − 2δ + 4β. The parameter β is similar to the parameter β we have used in this manuscript. Therefore we get the similar kind of bound from earlier results also.
B. Freezing out of curvature perturbation:
Now let us consider the evolution equation of R in the super horizon scale. In k → 0 limit equation (23) can be written as:
where A = 2aH (1 + ǫ V − β + δ) . The general solution of the equation (46) is:
where C 1 and C 2 are constants of integration. Substituting the expression of A in equation (47) one can rewrite the expression of R as:
The last exponential term is the standard term that comes in the minimally coupled theory and the first exponential term is the contribution of the non-minimal coupling. In general three cases can arise: (i) when β = 0 the last term decays and one gets R = Constant. This case is nothing but the minimal coupling scenario.
(ii) In case of negative value of β, the first term again exponentially decays to give us a constant R in the growing mode. However (iii) if the parameter β is positive then it is required that β ≪ 1 to stop the first exponential term from evolving and one gets R = Constant here also. From the time-time component of perturbed field equation one gets at k → 0 limit:
as throughout the calculation it is assumed that β ≪ 1. From the above discussion it is clear that when β is positive then β ≪ 1 is required to stop the curvature perturbation from evolving on super horizon scale. But as we have shown that β ≪ 1 may not be a sufficient condition to have the spectral index in the observed range. We have already shown in section (V A) that an additional condition β < ǫ V is required to satisfy in order to have n s in the observed range in the branch where β is positive. Arbitrarily large value of ξ (inconsistent with β < ǫ V ) are not allowed in this case.
In conclusion we have done an explicit first order gauge invariant perturbation theory in the Jordan frame. Unlike the work done by previous authors where adiabatic equation of state was assumed, we have done the calculations without assuming any form of equation of state. We show that the results like spectral index and the bound on non-minimal coupling constant ξ is in good agreement with the known facts. For those classes of potentials where the inflaton velocityφ > 0 we must have a bound on the non-minimal coupling constant ξ so that the condition for the Hubble expansion rate 0 < −Ḣ H 2 ≪ 1 is respected. Whereas in the other case whenφ < 0 the coupling constant ξ can be very large provided the slowroll parameter ǫ V is very small.
